We call a quadratic extension of a cyclotomic field a quasi-cyclotomic field if it is non-abelian Galois over the rational number field. In this paper, we study the arithmetic of any quasi-cyclotomic field, including to determine the ring of integers of it, the decomposition nature of prime numbers in it, and the structure of the Galois group of it over the rational number field. We also describe explicitly all real quasi-cyclotomic fields, namely, the maximal real subfields of quasi-cyclotomic fields which are Galois over the rational number field. It gives a series of totally real fields and CM fields which are non-abelian Galois over the rational number field.
Introduction
We call a quadratic extension of a cyclotomic field a quasi-cyclotomic field if it is Galois, but non-abelian, over the rational number field Q. All quasi-cyclotomic fields are described explicitly by L. Yin and Q. Zhang in [11] following the works of G. Anderson [1] and P. Das [3] . In this paper, we study the arithmetic of quasi-cyclotomic fields. We determine the ring of integers of any quasi-cyclotomic field, the prime numbers which are ramified in the relative quadratic extension, the decomposition nature of a prime number in a quasi-cyclotomic field, and the structure of the Galois group of a quasi-cyclotomic field over Q by generators and relations. We also describe all real quasi-cyclotomic fields, namely, the maximal real subfields of quasi-cyclotomic fields which ✩ Project 10571097 supported by NSFC. * Corresponding author.
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are Galois over Q. It gives explicitly a series of totally real fields and CM fields which are Galois over Q. Now we recall the main result in [11] . Let K = Q(ζ n ) be the cyclotomic field of conductor n, where ζ n = e 2πi n and n ≡ 2 (mod 4). Set
/Q is Galois and abelian .
They are Z/2Z-vector spaces. By [11, Prop. 1] , V 1 is generated by −1, ζ n and all prime numbers. Next we describe a basis of the quotient space V /V 1 . Let A be the free abelian group on the classes [a] ∈ Q/Z. As in [1] , for all odd prime numbers p < q, put Let S odd n be the set of all odd prime factors of n. Set The main theorem in [11] says that the set {u pq | p < q ∈ S n } projects to an Z/2Z-basis of V /V 1 . So a general quasi-cyclotomic field over K has the form K( rζ a n u p 1 q 1 · · · u p t q t ), where r is a rational integer, a = 0 or 1, and p i < q i ∈ S n . The factor rζ a n is easy to deal with. Thus we only study the quasi-cyclotomic fields K( √ u p 1 q 1 · · · u p t q t ). We will mainly study the arithmetic of K( √ u pq ) and give explanations for the general case.
Ramification and integral ring
, where p < q ∈ S n . For a prime number , we say that is ramified (resp. inertia, splitting) in the relative quadratic extensionK/K if the prime ideals of K over are ramified (resp. inertia, splitting) inK. In this section, we determine the odd prime numbers which are ramified inK/K and the ring of integers ofK. We first construct an integral element
where O K and OK are the rings of integers of K andK, respectively. For odd primes p and q, let r(q, p) be the cardinality of the following set
Similarly we define r(p, q) to be the number of the solutions of the congruence equation yp + x ≡ 0 mod q with 0 < x (p − 1)/2 and 0 y (q − 1)/2. We also set r(q, 2) := the integral part of 
where u 1 and u 1 are units in K( √ −1 ). The equality in the case p = 2 is easy to get from the definition of a 2q .
For a prime factor of n, let v be the maximal power of in n. We have for p = 2
, and when 8 | n
is a unit in K. By (2.1) we have
where u 2 and u 2 are units in K. Let
be the unique isomorphism. From the proof of [9, Prop. 2.3], we know that for p = −1, 2
where ( p q ) is the quadratic residue symbol. It is easy to check that the first congruence is also right for p = 2. Thus by Eq. (2.2) we have
0 is a unit in K, and
where
q ) is a unit in K. We set ( t 2 ) = 1 for any odd t. For p < q ∈ S n , we define v pq ∈ K as follows.
where u 2 , u 2 , u (p) and u (q) Notice that for an odd prime q and a square-free integer d coprime to q, (
. So we can state the theorem in another form.
, and the prime number q = 2 is ramified in K(
The element v pq may be used to determine the integral ring ofK. In fact we have
. Let e be the ramification index of 2 in K.
Then we have
and the absolute discriminant ofK is
where D K/Q is the absolute discriminant of K.
Proof. For (1) 
Here we have not determined the sign of the absolute discriminant ofK.
For (3), it is easy to see that the element
for k < 2e and the element
for k 2e are integral over K. The ideal of K, generated by the discriminant of {1,
and by the determinant of {1,
We consider the general quasi-cyclotomic field which has the form K(
As above the element v can be used to determine the decomposition nature of a prime number in K( 
Notice that for a general relative quadratic extension of number fields, a relative integral basis may not exist, see [2] . But our quasi-cyclotomic fields always have relative integral bases.
The structure of the Galois group
We use the results in [1] to describe the Galois group of the extensionK/Q by generators and relations in this section. We first show two lemmas. The following is stated in [3] , but the proof is omitted there.
Lemma 1. Let K/k be a Galois extension and let
Proof. Since K( √ u )/k is Galois, the Kummer theory implies the existence of v σ in K for σ ∈ G. Noticing that each element σ of G has two liftingsσ andσ toG, we haveG
So we getσ τ =στ log −1 i(σ,τ ) . 2
Now let K = Q(ζ n ) as before. For a prime divisor of n, let I be the inertia group of in K which is canonically isomorphic to (Z/ v Z) * . We have G = |n I . For odd , let τ be a generator of I . For = 2, if 4 | n but 8 n, then I 2 is a cyclic group and is generated by τ −1 , where
, and they act on ζ v for = 2 trivially. Then I 2 is generated by τ −1 and τ 2 . So the group G is generated by the elements τ for ∈ S n .
Lemma 2. Let
is Galois over Q with groupG. Let ∈G such that acts on K trivially and (
For an odd prime divisor of n, letτ be a fixed lifting of τ toK. Then the inertia groupĨ of inK is cyclic. If is unramified inK/K, then I is generated by eitherτ or τ , and ord(τ ) = ord(τ ). If is ramified inK/K, then I is generated byτ or τ , and ord(τ ) = 2 ord(τ ).
Proof. The restriction mapG → G =G/
induces a surjective homomorphismĨ → I , which gives isomorphismĨ / ∩Ĩ I . Thus the prime number is ramified inK/K if and only if ∈Ĩ .
If is unramified inK/K, thenĨ I . Since / ∈Ĩ , one and only one of the two liftings of each element in I is inĨ . So as a cyclic group,Ĩ is generated by eitherτ orτ . Now we consider the case that is ramified inK/K. We haveĨ = ,τ in this case. Let V be the ramification subgroup ofĨ . By [10, Chap. 4] we know that V is the unique Sylow -subgroup ofĨ and thatĨ /V is cyclic.Ĩ /V is generated by the classes of andτ modulo V . Since |Ĩ | = 2|I | = 2( − 1) v −1 and ord( ) = 2, we seeĨ /V is generated by the class ofτ mod-
Since V is the unique Sylow -subgroup ofĨ , we haveτ
We now determine the Galois groupG = Gal(K/Q) by generators and relations, whereK = K( √ u pq ). Let be the unique non-trivial element of Gal(K/K 
and , and the action of σ ∈ G on [a] with na ∈ Z is defined as
We remark that the equalities in (3.1) can be got from the result in [1] and the definitions of u pq . By the proof of Lemma 3 in [11] , we also have w τ q ∈ Q(ζ 8q ) when p = 2, and w τ p , w τ q ∈ Q(ζ pq ) when p > 2.
After we fix the liftingτ of the generators τ of G with ∈ S n as above, we see that for any σ ∈ G the action of the two liftings of σ on √ u pq has the form ±α √ u pq or ±α √ u pq / √ −1 with 0 < α ∈ R. We fix the liftingσ of σ to be the one with the positive sign. Then the other lifting of σ isσ . The Galois groupG is generated by { ,τ | ∈ S n }. We now consider the relations between these generators.
For < r ∈ S n , let α r = τ w τr /w τr τ r w τ /w τ ∈ {±1}. By Lemma 1 we haveτ τ r =τ rτ log −1 α r . From the definitions of w τ and w τ r above, we see that α r = 1 if ( , r) = (p, q). In addition, by the main formula in [1] we have α pq = −1.
Next we consider the order ofτ . When = p, q, from the definition of w τ we see that the order ofτ is equal to that of τ , namely ϕ( v ). When = p or q, it is hard to compute the order ofτ from the definition of w τ , but we can determine the order by Lemma 2 and Theorem 1. We summarize the result in this section as follows.
Theorem 3.
The Galois groupG = Gal(K/Q) is generated byτ and with ∈ S n . The generators are commutative with each other except for the relationτ pτq =τ qτp . In addition, for = p, q, ord(τ ) = ord(τ ), and for = p or q we have, defining (
except forτ 2 in the case (p, q) = (−1, 2) and 8 n, in which case, we have ord(τ 2 ) = 2 ord(τ 2 ).
In the theorem, the formulae for the orders ofτ p andτ q when p = −1, 2 and q = 2 can not be got from Lemma 2, but they can be checked easily.
Real quasi-cyclotomic fields
In this section, we first explain the Galois group of a general quasi-cyclotomic field over Q, then we describe all quasi-cyclotomic fields whose maximal real subfields are Galois over Q.
, where u = u p 1 q 1 · · · u p t q t and p i < q i ∈ S n . We can as-
. . , √ u p t q t ). It is Galois over Q of degree 2 t ϕ(n). Each element of G has 2 t liftings to the field. Let σ ∈ G.
From the discussion in last section, the action of any lifting of σ on u p i q i for 1 i t has the form
We fix the liftingσ of σ to K( √ u p 1 q 1 , . . . , √ u p t q t ) to be the one with the positive signs for all 1 i t. Then we fix the lifting of σ inG to beσ =σ |K . The groupG is generated by {τ , | ∈ S n }. Now we consider the relations between these generators. If ∈ S n and = p i , q i (1 i t), it is easy to see thatτ is commutative with all generators, and the order ofτ is equal to that of τ . By the discussion in last section, we haveτ p iτ 
So we determine the groupG by generators and relations.
Next we describe all real quasi-cyclotomic fields, namely, all quadratic extensions of the maximal real subfields of cyclotomic fields which are Galois but non-abelian over Q. Let K + = Q(ζ n + ζ −1 n ) be the maximal real subfield of K. Let
They are Z/2Z-subspaces of V and V 1 defined in Section 1, respectively. Since V 1 is generated by −1, ζ n and all prime numbers, it is easy to show that V Let u = u p 1 q 1 · · · u p t q t be a finite product consisting of the basis of V /V 1 , where (p i , q i ) = (p j , q j ) if i = j . We write the maximal real subfield ofK = K( √ u ) to beK + . The extensioñ K + /Q is Galois if and only if the restriction τK of the complex conjugation inK is in the center ofG, namely, τK is commutative withτ for all ∈ S n .
We first assume 4 | n. In this case we replace u pq defined before for odd prime numbers p < q ∈ S n by u pq = sin a pq . By [1, Sect. 4 To state the result, we fix some notations. If n has prime factors of the form 4k + 3, we always write q 0 to be the minimal such factor of n. We define S + n ⊂ Z as follows:
When 2 n, for α, β ∈ S + n , α < β, we set
where m{p, q} = min{p, q} and M{p, q} = max{p, q}. When 4 | n, for α, β ∈ S + n , α < β, we put
Then we have showed Of course, one can use Anderson's methods in [1] (also refer to [11] ) to get the same result.
Decomposition nature
In this section, we determine the decomposition nature of an odd prime number inK/K which is unramified inK/K and has even residue class degree in K. In the special case p = −1 we determine the decomposition completely. First we make a simplification of the question. 
Proof. First we note that all prime ideals of K over ℘ have the same decomposition nature in
where Nβ is the absolute norm of β. Since v ∈ k, the condition is equivalent to v
mod ℘ when 2 f . We proved the result. 2
For p ∈ S n we definep = 4, 8 and p if p = −1, 2 and p > 2, respectively. For
is the minimal quasi-cyclotomic field concluding √ u pq . We call it a primary quasi-cyclotomic field. As in Section 2, we construct the integral element v pq of K 0 such that u pq ≡ v pq mod K * 2 0 . For an odd prime number , it is easy to see that is ramified in K( 
, where q is a prime number. Proof. First we remark that in any case ord(τ −1 ) = ord(τ −1 ). Let be an odd prime number different from q. Let Fr (resp. Fr ) be the Frobenius of in K (resp.K). Notice that Fr is well-defined up to conjugations. ). The result follows.
Assume ≡ 3 mod 4. Then the order of Fr is even. So splits inK/K.
of K over q, we have Then b is odd. So p is inertia inK 3 /K. In the second case, the orders of p mod q and p mod 4 are odd and even, respectively. Thus the residue class degree of p in Q(ζ 4pq )/Q(ζ pq ) is even. In addition, Q(ζ pq , √ pq · sin a pq )/Q is Galois in this case. So p splits inK 3 /K by Lemma 3. In the third case, we have the order of p mod q is odd, and the order of p mod 4 is 1. So the order of p mod 4q is odd. 2
